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ERROR ANALYSIS FOR D-LEAPING SCHEME OF CHEMICAL
REACTION SYSTEM WITH DELAY*
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Abstract. We perform an error analysis in both strong and weak senses for D-leaping scheme
of chemical reactions with delays within the framework of stochastic delay differential equations
(SDDEs). In order to establish the convergence orders, we prove an infinite dimensional Itd formula
for “tame” functionals acting on the segment process of the solution of SDDEs. It is shown that
the mean-square strong convergence is of order 1/2 and the weak convergence is of order 1 for the
scheme. Moreover, we propose highly accurate schemes by adding random corrections to the primitive
D-leaping scheme in each step. Numerical experiments are provided to illustrate the results.
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1. Introduction. Delay plays a significant role in many chemical dynamics. For
example, in genetic regulatory networks, processes such as transcription and transla-
tion do not occur instantaneously, and these delays may produce oscillations in the
networks [3,14]. In addition, delayed negative feedback is theorized to govern the dy-
namics of circadian oscillators [18]. Increasing delay dramatically prolongs the mean
residence times near stable states for bistable gene networks, which means that delay
stabilizes bistable gene networks [9]. In chemical reactions, noise and delay may inter-
act in subtle and complex ways. For example, in genetic regulatory networks, delay
can affect the stochastic properties of gene expression and hence the phenotype of the
cell [5]. For bistable gene networks, due to the stability enhanced by the infusion of
delay, it may induce an analogue of stochastic resonance [9].

In order to take proper account of these aspects, mathematical modeling, anal-
ysis, and simulation of the delayed chemical reactions are necessary. For example, a
delay stochastic simulation algorithm (DSSA) was proposed in [5], and three other
DSSA-type algorithms were proposed in [3]. Their implementations differ in the ways
they handled the waiting time for delayed reactions, as well as in the time steps in
the presence of delayed reaction updates and delayed consuming reactions. These al-
gorithms are direct generations of Gillespie’s stochastic simulation algorithms (SSAs)
to deal with delays. More recently, [7] introduced an exact SSA for chemical reac-
tion systems with delays, which was based on the fundamental premise of stochastic
chemical kinetics. Utilizing the fact that the initiation times of the reactions can be
represented as the firing times of independent unit rate Poisson processes with inter-
nal times given by integrated propensity functions, Anderson [2] derived a modified
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next reaction method for exactly simulating chemical reaction systems with time- de-
pendent propensities and delays. Thanh, Priami, and Zunino [20] proposed another
exact simulation algorithm called rejection-based SSA.

Although SSAs are able to produce the exact time evolution of a chemical reaction
system, a great amount of computing time is often required to simulate a desired
amount of system time. To this end, an accelerated, approximate algorithm, similar
to the 7-leaping method that can produce significant gains in simulation speed with
acceptable losses in accuracy, is needed. Bayati, Chatelain, and Koumoutsakos [4]
proposed an accelerated algorithm called the D-leaping scheme for the approximate
simulation of biochemical systems with delays. Leier, Marques-Lago, and Burrage [12]
proposed a generalized binomial 7-leap method to overcome the limit of small step
sizes in SSAs.

In this paper, we aim to provide an error analysis for the scheme to approximate
the chemical reactions with delays. Mathematically, the chemical reaction process is
a pure jump process on a lattice with state-dependent intensity. We may formulate
a system of stochastic delay differential equations (SDDEs) via Poisson random mea-
sures for jump processes, similarly to [13]. Then we find that the D-leaping scheme is
just an explicit Euler-type scheme for this SDDE. Utilizing the It6 formula and the
1t6 identity for a stochastic integral with Poisson random measure, we prove that

E[|X(t,) —Y(t,)?] <Cst Vn=1,2,...,N,

which means that the mean-square strong convergence for the scheme is of order
1/2. Here X(t) is the exact solution process of the chemical system, Y (¢) is the
approximated solution generated from the D-leaping scheme, and 4t is the maximal
time stepsize dt,, n =1,2,..., N, with ZnN:1 Ot, = T. Note that the constant C' may
depend on the coefficients of the system and the final time.

Using the Markov property of the segment process, we rewrite the expression of
weak error as the summation of weak local error. The mathematical analysis of the
local error term is technique in two aspects. First, since delays break the Markovian
property of the system, by contrast with the nondelay case (stochastic differential
equations or SDEs), SDDEs do not correspond to diffusions on Euclidean space. Thus
techniques from deterministic PDEs do not apply. Second, techniques used in [6] to
derive the weak convergence order of Euler scheme for SDDEs driven by Brownian
motions utilize the Fréchet differentiability of the Euler approximation Y (t,;t;,n)
with respect to the initial data n and mean value theorem to show that the local error
term is of order O(6t?). However, since the coefficients in the SDDEs of chemical
reactions are not differentiable, the above approach also is not applicable. In order
to derive the weak convergence of the scheme, we first establish an It6 formula for
tame functionals of segments of the solution process of the SDDEs driven by Poisson
random measure. By inserting the functional of the previous step into the weak
local error term, we separate the local error term into two parts, and then apply
the established tame It6 formula. Moreover, the Malliavin calculus and anticipating
stochastic analysis techniques are employed to show that

[EQ(X (tn)) — Eg(Y (tn))| < Ct,

which means that the weak convergence of the D-leaping scheme is of order 1.

The construction of high weak order schemes for stochastic systems is a funda-
mentally interesting topic; see [13,17] for the case of stochastic differential equations
(SDEs) driven by Poisson random measure. In this paper, we also investigate the
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construction of high weak order schemes for SDDEs driven by Poisson random mea-
sure. Due to the difficulties caused by the coupling of delays and noises, we fix the
test function ¢(z) first, and then apply the tame It6 formula to obtain the correction
term. By adding this random correction term to the primitive D-leaping scheme in
every step, we can improve the accuracy of the D-leaping scheme for arbitrary order
of moments of the solution.

Finally, we define the following notation in order to describe our setup. ZS‘
NU {0} denotes the set of nonnegative integers. Mathematically, a well-stirred chem-
ical reaction system can be accurately described by a discrete state continuous time
jump process on the lattice (Z7 ). Let R" be n-dimensional Euclidean space with Eu-
clidean norm |z| := \/23 + -+ + 22 for z = (x1,...,2,) € R", and the inner product
in R™ is denoted by x -y, where z,y € R™, so that -y = > | z;y;. L([-7,0],R")
represents the space of all cadlag paths [—7,0] — R™, given the supremum norm
9lloc = Sup_ <o In(s)| for all n € L([~7,0,R").

The rest of this paper is organized as follows. In section 2, the background of the
D-leaping scheme and the SDE formulation of the reacting system is introduced. In
section 3, we first give the strong convergence proof for the scheme. Then in order to
present the weak convergence, we establish the tame It6 formula and the Malliavin
calculus analysis for the solution process. Numerical experiments are performed to
support our theoretical results. In section 4, the generation to highly accurate schemes
is presented. Conclusions are made in section 5.

2. SDDEs and numerical approximation. Consider a well-stirred system
of N molecular species {S1,S52,...,Sy} interacting through M chemical reaction
channels { Ry, R, ..., Ry }. Suppose that some channels involve delays. We let the set
1,4 consist of all the channels without delay and let the set I consist of all the channels
with delays, and 74 is the delay for channel R; € I, i.e., {R1, Ra,..., Ry} = LiaUIy.
The state of the system is described by the vector

X(t) = (Xl(t),XQ(t), S ,XN(t)).

Each reaction channel R; is characterized by its propensity function a;(x) and its
state change vector
1,2 N
v = (l/j,Vj,...,V- ),
where a;(x) > 0 for physical states. Here a;(a)dt gives the probability that the system
will experience an R; reaction in the next infinitesimal time d¢ when the current state
X (t) = x. v} is the change in the number of S; molecules caused by one R; reaction.

2.1. Basic model. The exact DSSA algorithm proposed in [3] is described as
follows:

(1) Initialization. Set t <— 0 and the initial number of molecules X (t) = .

(2) Calculate propensity functions a,,(x), m = 1,..., M. Generate 7/ from a stan-
dard uniform random variable uy as 7/ = —In(uq)/ag(x) with ag(x) = Z]]Vil a;(x).
If there are delayed reaction(s) when finishing in the time interval [¢,¢ 4+ 7/), discard
7/, update time t < tg4, where t4 is the time when the first delayed reaction finishes,
update the state vector @, and repeat step (2). If there is no delayed reaction when
finishing in [¢, ¢ + 7/), proceed to step (3).

(3) Generate p from a standard uniform random variable u; by taking p to be
the integer for which 25;11 aj(x) < wag(x) < 34_  aj(x). If p € Ia, update the
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state vector as X (t +7/) = X (t) + v,,.

Note that X (¢) is actually a compound Poisson process with state-dependent
intensity. Given any initial state X € (Z3)", as in [13] the space of the possible
physical states generated from X is denoted as {2x,, which is defined by

M
Qx, = {X | X € @)Y, X =Xo+) kv, Kk 623}7

Jj=1

and the space of the possible states generated from X is denoted as QtXU, which may
be negative and defined by

M
Qy, = {X | X eZN, X =Xo+ Y kv, ki ezg}.

j=1

From [13], we notice that the state process X (t) generated by the DSSA algo-
rithm may be formulated as the form of an SDE with delay, also called a stochastic
delay differential equation (SDDE). We refer the reader to [8] for approximating the
stochastic delay birth-death processes by a SDDE driven by Brownian motion, and
to [11] for numerical analysis of SDDEs driven by Brownian motion. In order to unify
the equation, we assign the delay 7; = 0 to a nondelayed channel R; € I,,4. Therefore
X () is the solution of the following SDDE:

n(0)+ 0 fy J viei(a; X (s —7—))A(ds x da), £ >0,
n(t), —7<t<0, 7=max{r;, j€ I}

Here A(dt x da) is a Poisson random measure with Lebesgue intensity measure m(dt x
da) = dt x da on the probability space (Q2, F, P), and we let {F; };>¢ be the filtration
generated by the values of the compensated Poisson random measure (A—m)(dt x da).
The number A denotes the upper bound of total propensity

A = max{ao(x), = € Qx, }.

The function ¢;j(a; X (s — 7;—)) is defined by

ci(a; X(s—1-)) = {(1) - (,hj_l(X(S*))’ hj (X (s=))],
otherwise,

with hg = 0 and h;(X(s—)) = hj—1(X(s—)) + a;(X (s — 7;—)). Thus intervals
(hj—1(X(s—)), hj(X(s—))], s =1,2,..., M, are disjoint, and the length of the jth
interval is a;(X (s — 7;—)). We refer the reader to [1] for stochastic integrals with
respect to Lévy processes.

We make the following assumptions; see [13] for further information.

ASSUMPTION 2.1 (condition on propensity functions). The propensity function
aj(x) >0 for all x € Qx,, and aj(x) =0 if x € Qx,, but x + v; ¢ Qx,.

This assumption is natural. Otherwise the negative states will appear in the
physical process.

ASSUMPTION 2.2 (bound on X (t)). The number of elements in Qx, is finite;
i.e., X(t) is in a bounded lattice.
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This assumption is reasonable because the number of the molecules could not be
arbitrarily large in realistic chemical reactions.
In order to perform the analysis, we make the following assumption on a;(x).

AsSuMPTION 2.3 (local Lipschitz condition on a;(x)). The function a;j(x) is
Lipschitz continuous in a bounded domain. That is, |aj(x) — a;(y)| < Ljle —y| for
any bounded = and y, where L; is a fized positive real number.

PROPOSITION 2.4 (redefinition of a;(x)). We define the modification of a;(x)
as

EL(:B) _ aj(w)v T c (Zg)Na
! 0, x e ZN ) (ZHN.

We have
a5(@) — a;(y)| < Lilz -yl Va,y e, U (Z¥/ZHY).

For simplicity we will continue to denote a;(x) as a;(x) in the text.

2.2. Numerical method. As is well known, the DSSA algorithm is exact, but
it costs a great amount of time to simulate the system. Therefore, the cost-efficient
approximated numerical method should be proposed. When there is no delay involved
in the system, the classical approximated method is called the 7-leaping method. The
method is established by increasing the leaping time stepsize to allow the fires of a
proper number of actions. For the system involving delays, a corresponding scheme
(the D-leaping scheme) was proposed in [4]. The pseudocode of the D-leaping scheme
reads as follows.

Algorithm 1 D-leaping algorithm.

while t < {tf;nq do
T/~ §(0)
X(t171) = X(t)
for all d such that g4 € [t, £+ 7/] do
l;d ~ B(kd, min(t+74—qd,a, spand))

spang
spang = spang — (t + 7/ — qd,a)
ka = kq — ka
qd,a = t+ 71/

X(t+7)=X(t+7)+ 3, kava
if k4 == 0 then
Queue.remove([Rq, qd,a, kd, Spang))
end if
end for
kjud ~ \I/(@, ’7'/)
for all d such that k4 # 0 do
Queue.insert([Ry, qda,o =t + T4, kq, spang = 7/])
end for
X(t+71)=X(t+7/) +Zj kjv;
t=t+T1/
end while
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If we suppose that the above D-leaping scheme is posed in a time interval [0, T]
with Np steps,
0=ty <ty <"'<tNT:T7

then the above algorithm could also be written as
M

(2) Z(tn+1):Z(tn)+ijVj7
j=1

where for j = 1,2,..., M, k; ~ P(fttn"“ a;j(Z o &(t — 7;))dt) with £(t) = ¢, if t €
[tn, tnt1). Note that in the case of 7; = 0, we have k; € P(a;(Z(t,))ét,) with
(Stn = tn+1 - tn.

Note that the random numbers in (2) are generated from Poisson distribution,
while some random numbers in Algorithm 1 are generated from binomial distribu-
tion. Because the partial number of executions can be determined by considering a
partitioning of the time domain, both binomial distribution and Poisson distribution
are suitable to model the number of executions for each molecular species. We know
that the processes generated from Algorithm 1 and (2) are equivalent to each other
in a distribution sense. In fact, on the one hand, there holds the property of sums
of Poisson-distributed random variables; on the other hand, we let the number k be
generated from Poisson distribution with parameter A > 0, i.e.,

k~P(N).

If X is partitioned into two parts denoted by A; > 0 and Ay > 0 such that A\; + A2 = A,
it follows that the number k; (j = 1,2) in each part is

kj ~P(\;) for j = 1,2 such that ky + ko = k.

Because of the dependence of Ay and Ao, i.e., for the fixed A\, A\; + Ao = A, we could
express the number in each part by binomial distribution as

A
k1~8<k,)\1>,

where B(N,p) represents a binomial distribution of N trials with probability p. The
condition distribution given ki reduces to the number ky = k& — k.
Since

/tn+1 vjci(a; Z o&(s—1;))A(ds x da)

n

tnt1
= / vicj(a; Z o&(s—;))m(ds x da)
¢

n

+/t v (@ Z o (s — 7)) (A — m)(ds x da)

n

tnt1
:Vj/ a;j(Z o &(t —7j))dt
tn

+ (vP </tt+ 0;(Z o &(t - Tj))dt) _ /tt+ a3 (Z o€t — 7))t
—u,P (/tt+ a;(Z o€t — Tj))dt> :
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the scheme (2) may be considered as an explicit Euler-type scheme for SDDE (1),
see [19].

In the following analysis we may need the continuous time version of D-leaping
scheme (2),

n(0) + Z]M=1 fg fOA vici(a; Y o&(s — m;))A(ds x da), >0,

n(t), —1<t<0, 7 =max{r;,j€ I},

where £(t) = t,, if ¢ € [ty, tnt1). We note that the above process Y (t) coincides with
the result obtained from Algorithm 1 in each time-step point, i.e., Y (¢,) = Z(tn),
n € 7.

3. Convergence order of the D-leaping scheme. In this section, we will
study the convergence order in both mean-square and weak senses of scheme (3)
separately. It is shown that the mean-square strong convergence is of order 1/2 and
the weak convergence is of order 1.

3.1. Strong convergence order. First, in this part we prove the strong con-
vergence order of the D-leaping scheme (3). The result is established via the Holder
continuity of the process X (t) (see Proposition 3.3), It6 isometry, and It6 formula.
Moreover, the following two properties of the jump operator AX (¢) = X (t) — X (t—)
are used frequently; see [13] for the proof.

LEMMA 3.1. For any fized s > 0, AX(s) =0 a.s.

LEMMA 3.2. For any continuous function a(x) and two positive reals d > ¢, we
have fcd Aa(X (t))dt = 0.

In the following analysis, we let C' denote the constant depending on the Lipschitz
constant L = Z]A/il L;, the state change vectors K = max{|v;|, j =1,2,..., M}, the
number of channels M, and the final time 7', but not depending on time step n. Notice
that the constant C' may be different from line to line.

PROPOSITION 3.3. Under Assumption 2.1, the SDDE driven by Poisson random
measure (1) is well-posed in the sense that there exists a unique physical solution
X (t) € Qx, in [0,00). Furthermore, we have

E|X(t) — X(s)|*> < C|t — 5.

The proof of Proposition 3.3 is postponed to Appendix A. Based on these prop-
erties, We obtain the following strong convergence theorem, which shows that the
strong convergence of the D-leaping scheme is of order 1/2.

THEOREM 3.4 (mean-square convergence). Under Assumptions 2.1-2.3 and Propo-
sitton 2.4 we have

(4) sup E|X(t,) — Y(tn)|2 < Cot,
TLSNT

where 8t := max,, t, = max, (tpt+1 — tn).

Proof. In order to prove the strong convergence of the D-leaping scheme, we write
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(1) from t,, to tp41 as

tn+1
X(tn1) = +Z/ / vjcj(a; X(t—1;—))m(dt x da)

+Z_:/n+l/0 vicj(a; X(t—71;—))(A —m)(dt x da)

and (3) from t, to t,41 as

Y (tht1) = +Z/n+l/ vici(a; Y o &(t —7;))m(dt x da)

+Z/tnn+1/0 vici(a; Y o &(t —7;))(A —m)(dt x da).

Now we subtract (5) and (6) and define the error

to get
E(tn1) = +Z/t"+1 a; (X (t—T1;— ))_aj(YOf(t—T])))dt
) M e
+]Z/ /0 vj (Cj(a; X(t—1—)) —cjla; YO€(t—Tj))>()\fm)(dt x da)
= E(tn) +-A1 + .AQ,

where we use the identity

tht1 pA tnt1
/ / vjcj(a; X(t—1;—))m(dt x da) = / vija;( X (t—1;—))dt.
tn 0 t

n

Squaring both sides of (7) we obtain
Bt )2 =B (t) + AP + [ A2l + 2(E(ta) - Ay + B(ty) - Az + A1 - Ay ).

We estimate each term separately for the above equations.
For term A;, we have

A = Z / i (a(X 060t~ 7)) — a5 (¥ 0 (¢ — 7))

M

+Z/ttn+l vj (aj(X(t*Tr)) —a;(X of(tfrj))>dt

= A% 4 AL,
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By It6 isometry and Proposition 2.4,

E /tt"ﬂ v; (aj(X o&(t—1)) —a;(Y o(t— Tj))>dt 2

n

tnin
§K25ﬂE/t |aj(Xo§(thj))7aj(Yo§(thj))|2dt

n

tnt1
< K2L25ﬂE/t |E o &(t — 7)|2dt,

and also by Proposition 3.3,

2

Bl [ v (0 - )~ as(X ot - 7

n

Lttt
< K2SIE / Jay (X (¢ —75=)) — a; (X o &(t — 7)) dt

n

thit
< K2L26tIE/ | X(t—71;—) — X o&(t —m;)|?dt
tn

< Cot3.

For term A, we have

Asy :jij;/t:"“ /OA v, (cj(a; Xo&(t—m15))—cjla; Yo&(t— Tj)))()\ —m)(dt x da)

M tn+1 A
+ Z/ / v;j (Cj(a; X(t—71j—)) —cjla; X o&(t— Tj))) (A —m)(dt x da)
=t 0
=: Ag + AS.
To deal with A4 and A5, we use the It6 formula to get

2
E

tnp1 A
[ [ (ot Xogt—m) - @ Yog(t—m))0 - m)fdt x do
tn 0

trnt1 A
:E/tn /0 lcj(a; X o&(t— 1)) —cjla; Y o &(t — 75))|*m(dt x da)

< / By (X 0 €(1) — by (¥ 0 £0)] + [y (X 0 (1)) — hy(Y o £(1))] )

n
tn+1

tn+1
< max ) E|Eog(t—7j)|dt:1£njz%>§w/tn E|E o &(t — ;) %dt
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and

2

E /:/+1 /oA (Cj(a; X (t—7—)) —cjla; Xo&(t - Tj)))()\ ~m)(di x da)

tnp1 A
= c;la; — T;— — C;la; (o) — T 2m a
E/ /0|]<,X<t ) = ejla; X o€t — 7)) [Pm(dt x da)

S/nHE(mjfl(X(t—))_hjfl(Xog(t)”+|hj(X(t_))_hj(Xog(t)”)dt

<  max . E|X(t —7j—) — X o&(t — 75)|dt

tna1
< max / E| X (t—7;) — X o&(t — 1) 2dt < C8t2.
t
For term E(t,) - A, we have
a 2 1 a|2
E(E(t.) - A7) < CSE|E(t,)[ + CSElAS|

tnt1
< 2 —7;)|dt.
< COtE|E(t,)| +clg}%E/t |E o &(t —7j)["dt

n

By the independence of Poisson random measure, we know that E(E(t,) - As) = 0.
For the other terms, we may use the Hélder inequality ab < 1 (a? + b?).
Finally, we have

tnt1
E|E(t,11)|* < CStE|E(t,)|* + C max IE/ |E o &(t — 77)|2dt + C6t2,
1<G<M - Jy

which yields
E|E(t,)]* < Cst Vn < Np.

Thus we finish the proof. 0

3.2. Weak convergence order. In this part, we will study the weak conver-
gence order of scheme (3). The classical approach to prove the weak convergence order
of the SDE is via a Kolmogorov PDE. However, due to the existence of time delay
and the nondifferentiability of the coefficients of (1), the technique of a Kolmogorov
PDE does not apply. To solve this problem, we rewrite the weak error as

Eo(X (tn)) — ES(Y (tn))

{EU(H(th ('; ti—1, Xti—l ('5 0, 77)))) - ]Eu(H(Xti—l ('; 0, 77)))}

I

i=1

— {Bu(T(Y;, (5o, X, (50,m)) — Bu(TI(X,,, (50,m) },

where we utilize the tame property of process Y (¢) (see Lemma 3.8 or Proposition
3.9); i.e., there exists a function u such that

u(Il(n)) = E(Y (tn;tin)).
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Then we estimate that each term in the summation is O(dt?), where we may need to
establish the It6 formula for tame functionals (see Proposition 3.10), and Malliavin
calculus for SDDE (1) (see Proposition 3.11).

First, let us introduce some notation. Define the projection IT : L([—7,0],RY) —
RN% associated with piy, ..., u, € [-7,0] by

(8) (n) := (n(pa), - - n(u)) € RV

for all n € L([—7,0],RY).

A functional ¥ : [0,7] x L([-7,0],RY) — R is called tame if there exists a
function f: [0,7] x L([-7,0],RY) — R and a projection IT : L([—7,0],RY) — RN
such that

9) W(t,n) = f(t,11(n))
for all t € [0,7] and n € L([—,0],RY).
For any continuous N-dimensional process X : [—7,7] x Q — RY_ define the

segment X, : [-7,0] = RN, ¢t €[0,T], by
(10) Xi(u) = X (t+u).

Denote by D the Malliavin differentiation operator associated with the Poisson
random measure. For F € D2 we call D, ,F the Malliavin derivative of F at
(t,z). Here D2 is a stochastic Sobolev space consisting of all Fr-measurable ran-
dom variables F' € L?(P) with chaos expansion F = > > ' I,(f,) satisfying the
convergence criterion ||F[2,. = ZSL:I nn!|| fal|2: < co. The operator D is defined
by Dy .F = Y07  nly_1(fn(-t,2)) for all F € D2, We refer the reader to [16]
for more details. In this section, we need some properties of Malliavin derivatives;
see [16, Chapter 12].

PROPOSITION 3.5 (chain rule). Let F € DY and let ¥ be a real continuous
function on R. Suppose ¢(F) € L*(P) and V(F + Dy .F) € L*(P x A x v). Then
»(F) € DY? and

(11) Dy ¢(F) = W(F + Dy . F) — ¢(F).

The Skorohod integral can be considered as the adjoint operator to the Malliavin
derivative, and it is an extension of the It6 integral. See [16, Definition 11.1] for
the definition of Skorohod integral. Below is the relationship between the Malliavin
derivative and the Skorohod integral.

PROPOSITION 3.6 (duality formula). Let X (¢,2), t € [0,7], 2z € [0, 4], be Skoro-
hod integrable and let F € DY2. Then

(12) E

F/OT /OAX(t,z)(/\—m)(dtxdz)] :E[/OT/OAX(t,z)Dt,ZFm(dtxdz) .

PROPOSITION 3.7 (fundamental theorem of calculus). Let X (s,y), (s,y) € [0,T]x
[0, A] be a stochastic process such that

El/oT /OA |X (s,9)|*m(ds x dy)] < 00.
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Assume that X (s,y) € DY2 for all (s,y) € [0,T] x [0, 4] and that Dy .X(-,-) is
Skorohod integrable with

E /OT/OA)/OT/OADWX(S,y)(A_m)(ds xdy)‘zm(dtxdz)] < 0.

Then
T ;A
/ / X (s,9)(A —m)(ds x dy) € D'2
o Jo

and

(13)
T A T A
Do [ [ XpO-misxdy) = X2+ [ [0 DX (s =m)(dsxay).

To simplify notation in the proof of Lemma 3.8, we consider the case of uniform
partition, and the delay is a multiple of time stepsize, which means that the D-leaping
scheme (3) is equivalent to the following equation:

n(0) + M T [ v Y o €(s) —m)A(ds x da), ¢ >0,

(14)  Y() =
n(t), —-1<t<0.

Obviously, the results in what follows still hold for scheme (3).
The first lemma establishes the tame character of the Euler approximation (14).
Its proof is given in Appendix B.

LEMMA 3.8. Fiz a partition point t; for some i € {0,1,...,Np}. Then for a.a.
w € Q, the function

[t;, T] x L([-T7, 0], R) — R,
(t, n) = Y (t,witi,n)

is a tame functional; i.e., there exists a random function F such that

PROPOSITION 3.9. Given any fized t, E¢(Y (t;t;,m)) is a tame functional, which
means there exists a deterministic function u such that

Eo(Y (t:ti,n)) = EG(F (¢, 11(n))) =: u(Il(n)).

In order to derive the weak convergence order of the D-leaping scheme, we shall
first establish a tame It6 formula. It describes how the segment process X transforms
under tame functionals. We state the proof in Appendix C.

PROPOSITION 3.10. Assume that
n(0) + fi [ K(s,a)\(ds x da), >0,

n(t), —r<t<0.
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Suppose ¢ € C(R¥;R) and let 11 be the tame projection. Then for all t € [0,T], we
have a.s.

k t A
o) - omx) =3 [ [,
[O(Xem (1) oy X (p1)s X 1) + K5+ iy @), X (i), X))

= O(Xo (1), X i), X (1), Xt -, Xopun) | A(ds x da).

(16)

Let X (t) :== X (t;0,n), t € [0 —7,T] be the solution with initial process n at time
o, ie.,
(17)

n(0) + Z?il f; fOA vici(a; X(s—7;—))A\(ds x da), t> o,
X(t) =
n(t — o), c—17<t<o.

Moreover, we also need the solution X (¢) to be Malliavin differentiable. The proof of

the following proposition is stated in Appendix D.
PROPOSITION 3.11. For any n € L*(Q, L([—7,0],R); F,) with

A
sup E / |De2n]%, < oo,
0

o—1<s<o

the solution X (t) of (17) belongs to DY2 for allt € [0 — 7,T]. Moreover, there exists
a positive constant C' such that
(18)

A A
sup sup IE/ | D, . X (t; 0, 77)|2dz <C (1 + sup E/ ||DS,277||§0> .
0 0

0<o<T o—7<rt<T o—17<s<o

Finally, we obtain the following weak convergence theorem, which means that the
weak convergence order of the D-leaping scheme (3) is 1.

THEOREM 3.12 (weak convergence). There exists a positive constant C such that
(19) [E¢(X (tn)) — Eo(Y (tn))| < Cdt

for alln € {1,2,...,Nr} and ¢ : RN — R of class C2.

Proof. Using the Markov property for the segments X,; and Y; (see [15]), we may
write the weak error as

E¢(X(tn§ 0, 77)) - E¢(Y(tn§ 0, 7)))
E¢(Y(tn7 tna th ('; 07 77))) - E(ZS(Y(tTH t07 Xto ('; 07 77)))

{E¢(Y(tn; ti, X4,(50,m))) —Ed(Y (tn;tio1, Xy, (50, 77)))}

I
NE

(20) i=1

3 |l

{BOY (tuiti, X, (tim1, X, (50,m))

=1

— E¢(Y(tn, t;, Y;l(a ti*:l?Xti—l(.; 0»77))))}
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From Proposition 3.9, we know that there exists a function u such that
u(Il(n)) = E¢(Y (tn;ti, ).
Thus we rewrite (20) as
E¢(X (tn; 0,1)) — EG(Y (0 0,7))

{BuT(X0, (i1, X,y (50,m))) = BulT(YG, (i1, Xo,, (50,0) |

I

1=1

(21)

<

3

{Bu(m(Xs, (tims, X, (50,m)) — Eu(I(Xe,, (50,m) }

Il
_

%

~ {Bu(TI(Y, (i1, Xo, (50,m))) = Bu(T(Xa,_, (50,m))) }.
By the tame It6 formula (Proposition 3.10), we obtain

Bu(Il( Xy, (51, Xt, ., (50,1)))) = Bu(Il(X, ., (50,7)))

i

vy /OA [u(...,xsmm) SIS —Tj>>,...>

ti—1 j=1

—u(e.., Xoo (fbm), - - )] A(ds x da)

and
Eu(H<lftl ('; bi—1, Xti—l ('; 0, 77)))) - EU(H(Xti—l ('; 0, 77)))
k t; A M
= mz_:lE/ti_l /0 [u( Y (pm) + jz:;l/jcj(a; Ye(o)(pm —75)), - - )
—u(..., Yoo (m), - )} A(ds x da)
k t; M
=y E/t_ Zaj(Y(t,;_l + fm — 74)) [u(. Y () v,
e Yo (), - - .)} }ds.
We define
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Thus (20) is
E¢(X (tn;0,1)) — EG(Y (tn;0,7))

n kK M t;
Y Y 3 / [0 (X (s + um = 7)) £ (LX)

(22) i=1 m=1j=1 “ti-1
—aj (X (ti1 + pm — 75)) £ (H(Y5)) |ds

M .
ZD:W,.

J
k
1 m=1j=1

n
1=

In what follows, we need to show that D, ; ~ O(5t%).
We note that

(23)

Din,j = /ti ]E{[aj(X(S + o — 7)) — aj (X (tic1 + pm — 75))] ]m(H(Xg))}ds

ti—1

[ B (Xt o = ) OX) — £ (V) fas

ti—1

t; ti
. i,1 i,2
:./ Dm,j(s)ds—i—/ D,y ;(s)ds.

ti—1 ti—1

We claim that for all s € [t;_1,t;], we have D;’ij(s), Df;fj(s) ~ O(dt), which means
that D}, ; ~ O(6t%).
In fact, by the It6 formula,

(24)

D:‘#’j(s) _ E{fjm(n(xs)) /tsﬂLmTj /A [aj(X(u_)) — aj(X(u—))} A(du x da)}

i—1tm—75 JO

—d ) [ [ R wm)) — ay (X wm)] (A = m)(du x da)
/ o

i—1tHm —T;

i—1t+Mm—Tj

vl raee)) [ 7 a(R e - (o) mde x do
Lo

= ]E/tswmn /OA Dy,o fi" (I X)) {aj(X'(u—)) - aj(X(U*))}m(du x da)

i—1 T Mm—T;

S+ pm —Tj M
+E{fjm(n(Xs))/t_ o [Zae(X(U—Te—))

(o (X (=) +22) - %-(X(u—)))] du},

where
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Noting that

me(H(XS)) = u( < XS—(Nm) +vj,.. ) - U( p XS—(,Um)v .- ~)7
we make the following estimates for functions of f":
) 2 2
E| (I X,))| g]E\u(...,Xs,(um)+uj,... ‘ —HE‘u Xs,(um),...)‘

= B[E(6(¥ (tnstr, )| = X )| +EE(6(V (s tim)|n = X, )|
< E|(¥ (it X)) +B[o0r (t:t0, X))

where X,_ € L([—7,0],RY) is defined by
(X o) = (Xom () oy Koo (i) + 055 X () )
and thus
E|f7*(I(X))* < CllolIgs 1+ EIX (s + |72 —rp) < C.

And the estimates for D,, . me are as follows. Since

A
E / D, f(T1(X,)) 22

/\i(fm X, (1) + Due X)) = £ X)) |z
=1
<ox [0 Z\fm X, (o) + D Xolpe)s ) = F7os X)) s
we have
P Xat) DX, ) = [ X))
< 2IE’u(. s X () + D2 X o () +v5) =l o, X (pim) + Vj)r

2B u(. s X () + Ds X () = (e, X~ (1))
< Cll611s 1D Xu ()220

where in the last step we use the same technique (conditional expectation) as in the
estimate for f;", and the fact that the difference in the solutions Y with different initial
data could be controlled by the difference of the initial data; i.e., for any initial data
n,& € L([~7,0],RY), and t > s, we get E|Y (¢,5,1) Y (t,5,6)|> < C]E||777§H%2(

[_7—70]) ’
Further,

A A
B[ 1D FP ) P < oIy [ BIDL X (54 ) ropde < C.
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Thus following from Proposition 2.4, we can see that Dm j(8) < C6t. In fact, the
first term on the right-hand side of (24) can be estimated by the Holder inequality

Sl —T;
/ / Daa [ (X)) [ (X (u=)) = a5 (X (u=)) | m(du x da)

ti—1+pm—Tj

[ {Emu,afr( (X.)P

ti—1+pm—T;

+ E‘aj(f((u—)) - aj(X(u—))‘z}m(du x da)

S+ fhm —Tj A B
< Cot+ I°E / / X (u) — X (u)[2m(du x da)
ti—1+pm—T7; JO
S+ pm—Tj A M
< Cét + L2K2E/ / Z lee(a; X (u—10—))*m(du x da)
ti—1tHm —T; =1

S+ pm —T; M
= Cét+L2K2E/ Zag(X(u—Tg—))du

tic1tpm—T; p—1

S+ pm —Tj M
< Cat+0L3K2E/ <1+Z|X(u7’g)|2>du

ti1+pm —T; (=1

< Cét.

The second term on the right-hand side of (24) can be estimated similarly as

S+ hm —Tj
E{f}"(H(Xs)) / o ,g<u>du}

i

S+ pm —Tj 2
< (BRI ux ‘ / o(u)du
1+um—‘rj

1 S+ pm —Tj 2
< Cot2 E/ lg(u)|du | < Cét,

ti—14pm —T;

W=

where

and
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The estimate of term D:RQ ;(s) is similar but uses the tame It6 formula.
D;;7(s) = B{a; (X (b1 + o — 7)) [ (£ (X)) = 7 (U(Xe, )
- (frmev) - franx,))) |}

k
_IE/ / Dy qa;(X 11+Mm—Tj))Z
zl =1

(25) {m X () ) = 7 X (ae), )]
U Y (), ) = o Y (o), )] fm(du x da)
k M

(X i+ =) [ 30D [ (Xt e — 73— FL (X))
tim1 g=1 j=1

J
— aj, (X (tim + e = 75,-)) Ff, (1(Y,)) ] du,
where

FLTI(X)) = 7o Ko (1) ) = 1 Ko ), ).

By Propositions 2.4 and 3.11, we may show that D" QJ(S) < Cét. In fact, the first
term on the right-hand side of (25) can be estimated by the Holder inequality,

IE/ / Dy aaj(X(tic1 + i — 75)) 91 (u, a)m(du x da)

ti—1 JO
s A

<[ [ [EIDwas (X s+ = ) + Bl o) i x do
i—1

s A
< Cét +/ / E|Dy,o X (ti—1 + fim — Tj)|2m(du x da)
i—1

< Cét,

where
k
g1(u,a) = 7o X (o)) = £ X (), -]
f]m("'aYu—(,u'Z)v ) fm( (ILLZ) )}

and
A
/ Elg (u, a)da
0

A
< C/ E[[ X (u+-) — X(u+ ')H%?([—T,o]) +E[[Y (u+-) =Y (u+ ')||2L2([—T7o])da

M
<C/ ZE”CJ (@; Xuer, (D2 =m0 + > Ellej(a; Yaurr, ()llz2(=r.0pda
=1
M
= CE(Z laj (Xuery (DLt (—rop) + ||aj(Yu—r_7~(‘))||L1([—T,o])>
j=1 j=1

< CE(L 4 | Xuery (12 (=r0) + 1Yy Ol 2= r0py) < C-
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The second term on the right-hand side of (25) can be estimated similarly as

mem4+wﬁw»/ ga(u)du
ti—1

@AiWMM@Q

1 s
< Lot (1 FE|X (tioy + i — Tj)|2) : <E/ |gg(u)|2du>
ti—1

[SE

< (Blay(X(ti + i — 7))

[N

< Cét,
where
k M
g2(w) =37 7 |ap (X (u+ pe = 75, =)) F, (X))
(=1 j1=1
— a4y, (X (o1 + e = 75,2)) Ff, (I(Y,))]
and
2 < -l <c.
Elgz(u)|” < C<1 + o lrélggklgljé@E\X(u+ te — 75)] ) <C
Therefore Dj, ; < Ct*. Substituting it into (22), we finish the proof. 0

3.3. Numerical examples. We apply ghd D-leaping method for two chemical
reaction systems. In these systems, exact solutions are obtained from the SSA algo-
rithm. In order to demonstrate the order of accuracy, we follow a procedure that is
widely used in the numerical study of SDEs. We simulate X (¢) from time ¢ = 0 to
t = T, advancing by a fixed time stepsize dt. If the sample size is large enough, the
statistical error in the expectation for a function of the solution could be neglected.
We double the stepsize to 20t to calculate the convergence order.

3.3.1. Example 1. For this system, we consider S — () with the propensity
function being a;(z) = cx, where the rate constant ¢ = 0.1. The state change vector
is 1 = —1, the time delay is 7 = 1, and the initial condition is Xy = 10000. We
simulate the reaction from time 0 to 7" = 10 using different stepsizes.

We plot the strong error in Figure 1 and the absolute errors of mean and variance
in Figure 2. The sample size is as large as 10° so that the magnitude of statistical
fluctuation is small. It shows that, for the system, the D-leaping scheme has half order
accuracy for the strong convergence and first order accuracy for the weak convergence.

3.3.2. Example 2. This example has two reaction channels:
Ry: S1+ S5 — S3, R2253—>®.

The reaction channel Ry fires without delay, but the reaction channel R; incurs a
delay. We assume that R; belongs to consuming type, which means that once an R;
reaction occurs, we immediately have X; = X7 —1 and X5 = X5 — 1, but we will have
X5 = X3 + 1 after a delay. In our simulations, we chose ¢; = 0.001 and ¢ = 0.001,
used X;(0) = 1000, X5(0) = 1000, and X3(0) = 0, and set the delay of Ry to be
7=0.1.
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— — — Reference line order 0.5
—e— strong convergence order

Strong Error
>

F1G. 1. Log-log plot of the strong error.

=X
2
\

\

Weak Error: f(x)
Weak Error: f(x)

— — — Reference line order 1
—6— weak convergence order] — — — Reference line order 1
—e— weak convergence order

FIG. 2. Log-log plot of the absolute error with functions f(x) = x and f(x) = 22, respectively.

We ran simulation 10° times, and in each time, simulation starts at ¢ = 0 and
ends at T' = 1. Figures 3 and 4 depict the strong and weak convergence behaviors
of the D-leaping scheme applied to this system, from which we may observe that the
strong convergence of the D-leaping scheme is of half order and the weak convergence
is of first order.

4. Generalization for highly accurate methods. The construction of high
weak order schemes for SDEs plays an important role in the implications in the efficient
simulations of SDEs. Utilizing the Ito formula to expand the solution of SDEs and
then truncating the solution series is the common method to construct high weak
order schemes; see, for instance, [17]. By adding a random correction to the primitive
tau-leaping scheme in each time step, [10] presents a new method which improves
the accuracy of the approximations. This gain in accuracy actually comes from the
reduction in the local truncation error of the scheme in the order of 7, the marching
time stepsize. We introduce the definition of weak consistency (see [10, Definition 1]):
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— — — Reference line order 0.5
—o— Strong Convergence Order]

Strong Error
>

107 107
ot

F1G. 3. Log-log plot of the strong error.

— — — Reference line order 1
—e— weak convergence order

X

3
\

I
3

\

Weak Error: f(x)
Weak Error: f(x)

— — — Reference line order 1
—o— weak convergence order|

107 10°
at At

FIG. 4. Log-log plot of the absolute error with functions f(x) = x and f(z) = |z|?, respectively.

if there exist C'> 0 and § > 0 such that for all 7 € [0, d],

‘Em (X1 — Xp)P] = Eo[(X (b + 7) — X (ta))?]| < Cr7H,

we say that the numerical scheme { X, },cn is weak consistent for the pth moment to
gth order. Here E, denotes the expectation conditioned on X (¢,) — X,, = . Remark
3 in [10] states that if a numerical scheme is stable and gth order consistent, then it
is of gth order accuracy.

In this section, we take Example 1 for demonstration to investigate the method
in [10] for the system with delays, i.e., SDDEs driven by the Poisson random measure.
Similarly, by adding a random correction to the primitive D-leaping scheme in each
step, we are able to greatly improve the accuracy of the D-leaping scheme for the
mean. However, delay introduces more technical difficulties for the improvement to
higher order moments of the solution. To solve this problem, we first fix the test
function (for example, ¢(z) = |z|> denotes second order moment), and then use the
tame It6 formula to obtain the new variable Z := ¢(X), and finally we add the random
correction to the augmented variables.
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The construction of higher order accuracy methods for mean is similar to that
n [10]. From Example 1 we obtain

E(X (tnt1) = X(tn))

=K /+/ viei(a; X(s = 7-))M(ds x da)

tha1 tn41—T
= lllE/ aq (X(t — T))dt = VlE/ aq (X(t))dt
t t

n n—T

—UE /t A [al(X(tn — )

n—T

/ 77/ a1(X(s—) +ric(a; X(s—7-))) — m(X(s—)))/\(ds X da)} dt

= 110tEay (X (t, — 7))
+V1E/t o T/t - (X(s = 7)) (1 (X(5) + 1) — a1 (X(s)) ) sl

- ul%Eal(X(tn —27)) (al(X(tn — ) 4 ) — an (Xt — T)))
+ v10tRay (X (t, — 7)) + O(6t3).

For the numerical scheme, we take the following uniform mesh on [0,7]: 0 = tg <
t) < -+ <ty =T, where t, =ty +ndt, n =0,1,..., N. In addition, the choice of
0t is not arbitrary; it has to be chosen such that ¢ := 7/6t € N. In other words, the
delay period 7 has to be a multiple of 6¢. Thus the D-leaping scheme reads

Y1 =Y, +vrg,

with r; = P(al(Yn_g)6t).
Consider the D-leaping scheme with a random correction 7;:

(26) Yn+1 = Yn + Vl(rl —+ fl)

We require

. 5t? 3
B, (71) = 21 (n(—27))€ + O(61")

with &€ = a1 (n(—7) + 1) — a1 (n(—7)) = cv1 to obtain

(27) E(X (tns1itnsm) = 1(0)) = E(Y (busrstas ) = 0(0) ) = O(6t%).
In practice, we may take 7, = sgn(a)P(|a|), where

2
o= 2 (Vaon) (a1 (Va4 1)~ (Vao).

Figure 5 plots the absolute error of mean for Example 1. The sample size is taken
to be 10°. We may observe that the scheme (26) has second order accuracy for the
mean.

For the generalization to high moment ¢, as we said in the beginning of this
section, we have to take a novel approach, which may require using tame It6 formula.
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Weak Error: f(x)=x

107 — — — Reference line order 1
~ — — Reference line order 2
—6— weak convergence order]

At

F1G. 5. Log-log plot of the absolute error with function f(z) = x.

Assume ¢(x) = |x|?, and let Z := X?. Following from the It6 formula, we get
(28)
/ / )+ rier(a; X(s—7— )))2 — (X(s—))z])\(ds x da)
=Z(0)+ / / 2V1X(s—)cl(a; X(s—7-)) +vici(a; X(s— T—))} A(ds x da).
0 Jo

Consider the equations for X and Z together; then we take the above approach of the
generalization to the mean for the augment variable (X, Z) as follows:

E(Z(tns1) — Z(tn))

_ E/tt"“ / 201 X (s—)er(a; X(s—7=)) +vic2(a; X(s— T—))} A(ds x da)

]E/t"+ [2V1X() (X (= 7)) + 12y (X (¢ — 7)) dt.

n

Applying the tame It6 formula to X (¢)a; (X (t — 7)) and noting that a;(x) = cx (for
the nonlinear case, Taylor expansion may be needed), we get

(29)
X(t)ar (Xt —71)) = X(tn)ar(X(t, — 7))

/tn / —)4vic(a; X(s —7=)))ar (X (s — 7)) =X (s—)a1 (X (s — 7))A\(ds x da)
- /t /O X(s—)a1(X(s — 7)+viei(a; X(s —27—))) =X (5—)ai (X (s — 7—))A(ds x da)
= X(tn)ar (X (t, — 7)) + /tt /OA var (X (s — 7))er(a; X (s —7—))A(ds x da)

- /tt /OA an X (s—)er(a; X (s —2r—))A(ds x da)

and applying the It6 formula to a1 (X (¢t — 7)) with aq(x) = cz (for the nonlinear case,
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the Taylor expansion may be needed), we get

(30)
Xt—71))=a1(X(t,—1))
/ / (s—71=)4+rici(a; X(s—27-))) —a1(X(s — T—))} A(ds x da)
t A
X(t, — 7)) —|—/t /0 crier(a; X(s—27=))A(ds x da).
Thus

E(Z(tni1) = Z(tn))

—2k [ (X (X (0, )
+/tt /OA nan(X (s — 7))er(a; X(s - 7—))A(ds x da)
n /tt /A enX(s—)er(a; X(s — 2r—))A(ds x da)]dt
+V1E/"“ [r(X (1~ 7) / / evrer(a: X(s — 27-)A(ds x da)]dt

— 2%E /t o [X(t")al(X(tn—T))Jr / via(X (s — 7))ds

tn

n

+ /tt X (s)ay (X (s — 27))ds} dt

n

+ VR /ttn+1 [al(X(tn —-7))+ /ft criar (X (s — 27’))ds} dt

n ln

= OLE (201 X (ta)ar (X (tn = 7)) + viar (X (6 = 7))]
3
+ 612E [ulal(X(t ) @R X (t)ar (X (b — 27)) + %al(xm - 27))] + O3,
Consider the D-leaping scheme with a random correction to the equations of X

and Z:

Xn—i—l = Xn + Vl('rac + 7:56)7

31 _ _
( ) Zn+1:Zn+V1(rz+7:z)-

We require

6t?
]E’I’]ETI (’Fa:) = 70V1a1(77(—27')> + O(6t3)7

cviot” 25t2

E,E,, (72) = v18t%ai(n(~7)) + cv16t*n(0)as (n(~27)) + ay (n(=27)) + O(6t°)

to obtain
E(X(tnﬂ;tmn) - n(O)) E(X( 15 b, n) — n(O)) = O(t%),

E((X (tat 15ty m)? = (1(0)*) = E(Z(tas1itarn) = ((0))?) = O(6*).
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Weak Error: f(x)=x
Weak Error: f(x)=x%
>

10°F — — — Reference line order 1
10 — — — Reference line order 1 — — — Reference line order 2
— — — Reference line order 2 —e— weak convergence order|
—6— weak convergence order|

At At

FIG. 6. Log-log plot of the absolute error with functions f(z) = z and f(z) = 2, respectively.
In practice, we may take 7, = sgn(a)P(|a|), where
o= %cvlm(?—(wze%
and take 7, = sgn(B)P(|G|), where
B =116t%a2(Xn_¢) + cr10t* Xpa1 (Xp_20) + ot a1 (Xn_20).

2

Figure 6 plots the absolute errors of first and second moments for Example 1
when applying the generalized scheme (31). The sample size is taken to be 10°. We
may observe that the scheme (31) has second order accuracy for both first and second
moments.

Similarly, for the third order moment, we assume ¢(x) = |z|> and let Z := X3.
Following from the It6 formula, we get

Z(t) = Z(0) + /t /A [(X(s—) +vier(a; X(s— T—)))?’ - (X(s—))g])\(ds x da)
Ot OA
= Z(0) +/0 /0 {3V1X2(3—)01(a; X(s—7=)) + 32X (s—)cE(a; X(s —7-))
+vici(a; X(s— T—)):| A(ds x da).

Consider the equations for X and Z together; then we use the approach above to get

tni1 A
E(Z(tns1) — Z(tn)) =E /t /O (301 X (t-)es (o X (1~ 7))
F 32X (t-)c2(a; X (t— 7)) + 3¢ (a; X(t— 7—))} A(dt % da)

_E / 7 B X Wan (X (¢~ ) + 3K (ar (X(t 7)) + van (X (2 — )] d.

n

Applying the tame Ité formula to X2(t)a; (X (t — 7)) and noting that a;(x) = cx (for

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/28/18 to 124.16.148.10. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1822 CHUCHU CHEN AND DI LIU
the nonlinear case, the Taylor expansion may be needed), we get
X2 (Har (X (t — 7)) = X (tn)ar (X (t, — 7))
/ / X2 s)ar(X(s—7=) +vici(a; X(s—271-)))
— X2(s)ay (X (s — T—))}A(ds x da)
/ / )+ vici(a; X(s—7— )))2a1(X(s—T—))
— X2(s—)ar (X (s — T—))} A(ds x da)
t pA
= X2(tn)ay (X (t, — 7)) + /tn /o cr1 X2 (s)e1(a; X (s —27—))A\(ds x da)
t A
+ /t /0 {2V1X(5—)a1(X(5 —7-))ci(a; X(s—71-))

+vian(X(s = 7)eb(a; X (s — 7)) | A(ds x da).
Using also (29) and (30), we obtain
E(Z(tn+1) — Z(tn))
Y (X3 (t)ar (X (0 — 7))
+ /tt /OA cr1 X2 (s)e1(a; X (s —27—))A(ds x da)
+/tt /OA (201X (s-)ar (X (s — 7 ))er (a3 X (5 — 7))
+ v (X(s = 7))k (a; X(s— 7)) )A(ds x da)|t
32K /t t [X (tn)ar (Xt — 7))
N / / ¥ sran (X (s — m)er(a; X(s - 7-)A(ds x da)
n /tt /OA enX(s—)er(a; X(s — 2r—))A\(ds x da)} dt
+ VK /tt+ [ar(X (80— 7)) + /tt /OA evicr(a; X(s —2r—)A(ds x da) d
- 2V1E/ttn+l [X(tn)al (X (tn — 7)) + /tt na2(X(s — ))ds

n

¢
Jr/ nX(s)ai(X(s—27)) ds}dt
¢

n

tn+1 t
+ 1/12]E/ X(t, — 7))+ / cvia1 (X (s — 27))ds] dt.
t tn

n
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Simplifying the above equation, we get

E(Z(tn+1) = Z(tn))
= OLE 301 X2 (tn)ar (X (tn — 7)) + 303X (tn)ar (X (ta = 7)) + viar (X (b — 7))

o | 37 o _ 2 2 _ 37 , _

+ 0t°E 5 X2 (tn)ar (X (t, — 27)) + 3v; X (tn)a{ (X (t, — 7)) + 5 ai (X (t, — 7))
3 3 4

+ 2R (=) 2P X (b )ar (X (1 — 27) + “Dhas (X (1 — 27)) | +O(58).

Consider the D-leaping scheme with a random correction to the equations of X
and Z:

XnJrl - Xn + Vl(rz + fr)a

32 N _
( ) Zn+1 = Zn+1/1(7‘z—|—’l:z).
We require
; 5t? 3
EnErx (rm) = 701/1@1(77(_27)) + O((St )7
N 3cvq 612 302612
E,E,,(F.) = ; 0(0)*a1 (1(=27)) + 3116t*0(0)ai (n(=7)) + —5—ai(n(~7))
3U26t2 3cv2st? cv36t?
+ =5 —ai(n(=7) + = —n(0)ar (n(~27)) + —5—ar (n(=27)) + O(5t)

2

to obtain
E(X(tns5tsm) = 1(0)) = E(X (tagaitasn) = n(0) ) = O(H7),
E((X(tusitasn)® = (0(0))) = B(Z(twsrstasn) - (n(0))) = O(6#).
In practice, we may take 7, = sgn(a)P(|«a|), where

5t? -
o= 761/10/1()(7172@)7

and take 7, = sgn(8)P(|F]), where

3cv6t? - . . - 32512 -
8= L X?lal(Xn,Qg) + 3V15t2Xna%(Xn,g) + 12 a%(Xn,@
3v25t2 - 3cv?ot? - cv6t? -
12 a3 (Xn—¢) + ; Xna1(Xn—20) + 12 ar(Xn—2¢).

5. Conclusion. We consider the convergence order in both mean-square strong
and weak senses of the D-leaping scheme for chemical reactions within the framework
of stochastic delay differential equations (SDDEs) driven by a Poisson random mea-
sure. The infinite dimensional tame It6 formula and the Malliavin calculus for the
solution process of the SDDEs are established. It is proved that the mean-square con-
vergence order is of 1/2 and the weak convergence order is of 1. Numerical experiments
are performed to support the theoretical results. Finally, we propose the construction
of highly accurate schemes. We improve the accuracy of the D-leaping scheme for the
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mean via the addition of a random correction to the primitive D-leaping scheme in
each step. For improvement to higher order moments of the solution, and for solving
the problems introduced by delay, we first fix the test function and then use the tame
It6 formula to obtain the augmented variables. Finally, we add random corrections
to the D-leaping scheme in each step. The methodology of the construction of highly
accurate schemes for the general system may be a topic of future work. Moreover, the
analysis for long time behavior of the chemical reaction system with delay, including
the invariant measure and ergodicity, is also an interesting topic.

Appendix A. Proof of Proposition 3.3.

Proof. The idea of the proof is similar to that of Lemma 2.2 in [13] and is obtained
directly through the DSSA algorithm. We first define the process

t A
(33) Nj(t):/o/o cjla; X(s—1j—)A(ds x da), j=1,2,..., M.

Define a sequence of processes X" (t), stopping times 7", and indices I" (n = 0,1,...)
as X"(t) = n(t) for n € Z§ and t € [-7,0], X°(t) = n(0) for t >0, T* =0, I =1,
and

M
X"HH(t) = n(0) + Z viilysriy,

Jj=1
Al min{inf{t . Nj(t7xn+1) > Nj(Tn’XnJrl)}, j=12.. .,M}a
"' =TIndex j € {1,2,..., M} such that AN7(T"*+!, X"+!) = 1.

It is easy to find that under Assumption 2.1, X"(¢) remains in Qx, permanently,
X" (t) = X" 1(t) in [-7,T"" 1), and the stopping time can be extended to co. There-
fore, we show that the solution of (1) is well-posed.

For the property of Holder continuous, we may let t > s > 0 and get

M .t A
(34) X (t) — X (s) :;/ /0 vicj(a; X (u—1;—))A(du x da).

First, we let s = 0 to show that there exists a constant C := C(n, K, L, T, M) such
that E| X (t)|? < C. In fact,

Mt A 9
E[X ()" < E[n(0)] +1E‘7_21/0/0 vici(a; X (u—7;—))A(du x da)

M t
(35) < C+]E\77(0)|2+Z/ E|X (s — 7;)[2ds
j=1"0
t
< CHEO) + M{nl2aq_rgp + M / E|X(s)ds,

where we use the following estimation to the stochastic integral with respect to the
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Poisson random measure:

t A 9

E‘/ / cjla; X(u—1;—))A(du x da)‘

o Jo

t A 9
S]E'/ / cj(a; X(u—7—))m(du x da)‘

0 Jo
’2

—l—E‘ /Ot /OA cjla; X(u—71;—))(A—m)(du x da)

o fairtenmf o [

_ IE’ /Ot a; (X (u — Tj—))du‘z +E/Ot a;(X (u — 7—))du

cjla; X(u— Tj—))‘zm(du x da)

t t
SE [ Ja(X(u=m)Pdut B [ joy(X(u - 7))ldu
0 0
¢ ¢ ¢
< C+IE:/ | X (u — Tj)|2du+1E/ | X (u — 7;)|du < C+E/ | X (u — 7;)[*du.
0 0 0
Here we use the fact that X (t) € Qx,, which means that | X (¢)| < |X(¢)|?>. The
notation a < b stands for a < Cb, where C' > 0 is a constant.
Applying Gronwall’s inequality to (35), we obtain E|X (¢)|> < C.
Next, we apply E| - |? to (34) and estimate similarly:

2

Mt A
— S 2 v,c;la; Uu—T;,— u a
EIX (1) X(s) 5E\Z// sei(a; X (u—75-)A(du x da)

S

M t
< (t—s) +Z]E/ |X (u—7;)2du

< (t—s).
Thus we finish the proof. ]

Appendix B. The proof of Lemma 3.8.

Proof. Suppose i =0 and let ¢ € [0,T]. Consider the following case.
Casel. 0 <t <t.

Mt A
Y(t:0.0) = 00) + 3 [ [ vieslas YE(s) = ms0. A x da

M A
=0+ 3 [ [ viestos ni=r)aan xan)

= Fi(t,w,n(=75))-

Case 2. t1 <t < to.

M t A
Y (¢;0,n) =Y (t1) + Z/t /0 vjcj(a; Y (ty —7;))A(dt x da)

= Fy(t,w,n(—7;),n(t1 — 75)).
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Case 3. ty <t < ts.

M
Y (£:0,n) =Y () + Z/t /OA vies(a; Y (ts — 7 )A(dt x da)

=F;(t,w,n(—75),n(t1 — 75),n(t2 — 75)).

Case k. tr—1 <t < t. By induction, there are fixed number p1,..., e € [—7,0]
such that

Y (t;0,n) = Fp(t,w,n(p1), -, n(pe)),

which is a tame function of 7.
To complete the proof of the lemma, we take

Nr—1
F(taMH(ﬁ)) = Z 1[ti,ti+1)(t)E+1(t’w7H(n))' a
=1

Appendix C. Proof of Proposition 3.10.

Proof. We know that

H(II(X)) — H(I1(X0))
= 3 [orm(x) — o(x, )

0<s<t
= 0[SO ) X (s i) = (X (s + pia—s o X (s + 1))
0<s<t
k
= 3 ST b(X(s+ =)o X (s pim1=), X (s + ), -, X (5 + i)
(36) 0<s<ti=1
— O(X (s 4 =), X i), X (s + i), X (s + )|
k
=7 D7 [X (s ) X s+ =) X (s pa)o o X s+ 1)
i=10<s<t

Let T}, n < 0 denote the jump time for n(t), —7 < ¢t < 0. Define ¢(t) = fOA aX(dtxda),
and let T,,, n > 0, denote the jump time for ¢, which is defined recursively by T}, =
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inf{t > T,,_1: Aq(t) € (0, A]}. Hence

) =3 [6X((t+ m) ATa=)s o, X((E+ pica) ATo-),
X+ 1) ATn)s ooy X((E+ 112) ATH)
- ¢(X((t + :“1) A Tn_)7 s vX((t + :uifl) A Tn_)>

X((+ ) ATa=), oy X((+ ) A T)|

—Z[ X((¢ 4+ i) A=) + K ((t+ 1) ATy Ag((t+ i) AT)), ...

n>1

DX () AT

/ / e X (i) Xoo (i) + K (s + i, 0), Xo(pis1), -, X, (1)
- (b( 57(/,0]_), LY 7X87(,U/i71)) Xsf(ui)a XS(Mi+1)7 L] 7XS</’Lk>):| )\(dS X da)
Thus we finish the proof. 0

Appendix D. Proof of Proposition 3.11.

Proof. The proof of X (t) € D2 is similar to that of (18), but the idea is applied
to the Picard approximations to (17); see, for instance, [16, Theorem 17.2]. So here
we only focus on the proof of (18).

Taking the Malliavin derivative to (17), for ¢ > ¢ we have

M t A
(37) D, . X(t) =D, .n(0) +ZDT,Z / /0 vici(a; X(s —1;—))A\(ds x da),

where by Proposition 3.7,

D”// vici(a; X(s—1;—))A(ds x da)
=D, i u]a](X(s ))ds—|—D,nZ// vicj(a; X(s—1;—))(A —m)(ds x da)
— v /: |0 (X (s = 7j=) + Dy X (s = 73-)) = a;(X(s = 73-))|ds

t A
vl Xo-n-) v [ o X no) DX (s - 7o)
o JO
—cjla; X(s— Tj—))} (A —m)(ds x da).
For 0 — 7 <t < o, we have
Dr,zX(t) = Dr,zn(t - U)'
Take E| - |* with respect to (37)—(38) to get

(39)
M

E| D, - X (1)* SEIDy2n(0)* + Bl Y jwiej(z; X(r—7=))P + Y Coj+ D Cay,
i=1 = '
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with
2
C1J =E

Y

/: |05 (X (s = 75=) + Dy X (s = 73-)) = a;(X(s — 75-))|ds

Cy; =E /Ut /OA {cj(a; X(s—1j—)+ D . X(s—1;—))

2

—cjla; X(s— Tj—)):| (A —m)(ds x da)

We estimate each term separately. For term C; ;, we have

t
€1y 5 (-0 |

t
< E/ |D,.. X (s — 7;—)|*ds.

a3 (X (5 — 75=) + DX (s — 75-)) — ay(X(s — 73-))| s

For term C, j, we have

// lej(a; X(s—1j—) + Dy X(s —15—)) — cjla; X(s—7j—))|*m(ds x da)
SE [ (110X + DX (5) ~ hya (X(s-)

+ |3 (X (5=) + Dpo X (s=)) = by (X (s-))l| s

t
< max /E|DT)ZX(S—Tj—)|d8

¢
< o )2
S(T—o0)+ 12}?5%/0 E|D, . X(s — 1;—)|"ds.

Summarizing the above estimates, we obtain

t

E|D, . X (t)]> < C(1+E[D,.n(0)*) + C ax B Dy . X (s — 75—)[*ds.
<j<

Integrating with respect to dz, we have

A A
E / D, . X (t)]?dz gc<1+E / IDT-,Zn(O)IQdZ>
0

+ C max E// |D, . X (s — 7;—)|?dsdz,

1<j<M

(40)

which leads to

A A
E / |DT,ZX(t>|2dzsC(1 sup E / Dr,zn||§odz)eC<T“’>-
0

o—17<r<o

Thus we finish the proof.
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